Problem Set 4: Integral Calculus Solutions
CS&SS Math Camp 2020

1. (a) Graph the function defined by:

f(x)_{ 1—10 it € [0, 10]

0 otherwise

This is an example of the uniform probability distribution.

(b) By studying the graph and without using calculus, compute the area under the
curve on the interval [2,7].

1 ) 1
Area of rectangle = length x width = (7 — 2) - =103

(¢) Now compute the same area using integral calculus.

7

"1 1 1 1 1
—dr=—x| =— - T——-2=—
o 10 10|, 10 10 2
Integrate, and check by differentiating:
1
2. [2dx = gazg [Use the power rule.|
d 1 1
Check: —<=12% = - - 82" = 17
eck: s =g-8' =2
3 gyb 3
3. [ 2?4 62°dx = T2 T e [Use power rule and sum rule.]

3 6 3

d 3 2
Check: — 2 4 26 =3% 4625 =22 1 62°
dr 3 3



1 ! 1
4. [ ﬁd:v = [a 2z = = [Use power rule.]

Check: d_1 = (=1)(-1)z2 = 1

dr =z x
1
5. [ Edw = log()
d 1
Check: %log(x) ==
6. [(3— )"z

u=3—2=du=—dr = dr=—1du

/(3 — )"z :/uw(—ldu) [Use u-substitution.]
WM
=—1— [Use power rule.|
11
1
=——B-2)'1 [Replace u.]
11
d 1 1 1 10 10
Check: %—ﬁ(iﬂ—x) :—ﬁ-ll-(—l)-(?)—:v) =(3—ux)
7. [Tz +9dx

1
u:73:+9:>du:7d:c—>da::?du

1
/(7CE +9)2dx :/UI/Q(?du) [Use u-substitution.
1 w2
=5 —?;/2 = iu?’ﬂ [Use power rule.]
2
:ﬁ(h" +9)3/2 [Replace u.]
d 2 2 3 2-3-7
heck: — — 32 - = .2, /2 .7 _ . 1/2 — 1/2
Chec d:c21(7x+9) 513 (Tx +9)2-7 55 (7Tz +9) (7Tz +9)



8. f P2y

1
u:5x+2:du:5dx$dx:5du

1
/ e 2y = / e gdu [Use u-substitution.]
1
:ge“ [Use definition of derivative of €]
1
:ge5x+2 [Replace u.]
d 1 1
Check: %5651%2 — g65x+2 .5 = €5x+2

9. Compute the area under the curve:

1
/ r(1 — x)*dx
0.5

This is an example of the beta distribution, a probability distribution which we’ll see
later this week.

/01 o1 = 2)"dw = /01 2(1 - 2)(1 - z)dz = /1 #(1 — 2z + 2”)dw

5 5 0.5

1 1, 2., 1,/
= (x —22° + 2°)dor = —2® — —2° + ~2!

/0_5 2 3 4 0.5

1 2 1 1 2 1
== =24 = 12(0.5)% = 2(0.5)* + = (0.5)*

- 2+1] - [josr - 3092+ Jos]
C[2.327 +24-3 2.3 24 L3
S |26-3 26.3 0 26.3 263 26.3  26.3
. 25.3-27421.3-23.34+2'-3
- 2.3

5

o5 = 0-02604167



10. Compute the area under the curve:

/ de ¥y
2

This is an example of the exponential probability distribution, which we’ll study later.

00 0 -1
/ de ¥y = 4/ e dr = 4 <—e4z)
2 2 4

1 1
- (lim —e*“) C(—et?) = (lim ——> +e =04 = — = 0.0003354626
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